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On a class of non-interpolating solutions of the many-anyon
problem
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L3S 4M1, Canada
1 The Institute of Mathematical Sciences, Madras 600 113, India

Received 11 May 1992, in finat form 26 June 1992

Abstract. In the many-anyon problem in two space dimensions, irregular but square
integrable solutions of the Schridinger equation may exist. A class of such solutions is
construcied for anyons confined in a harmonic oscillator. It is shown that these may
have lower energies than the usual regular sclutions, but they do not exist throughout
the mnge beilween the bosonic and fermionic limits, and as such do not interpolate
conlinuously.

For a particle moving in a non-singular central potential, the Schrédinger equation
demands that the wavefunction for a given angular momentum ! scales as ' or r—(1+1)
as » — 0. The irregular solution in bound state problems i normalizable only for
{ = 0. But this is not really a solution [1] of the Schrddinger equation at r» = G,
since V2(1/+) gives rise 10 a delta function. For this reason, the irregular ‘solution’
is excluded from the spectrum of physical states even though the corresponding
eigenvalue may be lower than the physical ground state (as happens in the case of

the three dimensional oscillator, for example).
In this nanar we mveenomo the nrnnPrrmq of such 1rreanlar snlutions in two space

...... l’ P~ S LIRS

dimensions in the presence of the statlsucal (anyonic) mteractlon [2,3]. To begin with,
we note that in two dimensions the wavefunction of two particles with the relative
coordinate » scales as »/'l or »=1l as » — 0. For | = 0 both states coincide and there
is no irregular solution, while for |{| > 1 the irregular solution is not normalizable.
However if the ‘angular momentum’ is fractional {(and less than one) as in the case of
fractional statistics [2, 3], we would obtain perfectly valid solutions of the Schrédinger
equation without the delta function anomalies. These irregular solutions have the
property that they do not continuously interpolate in energy between the bose and
the fermi limits as do the solutions which are regular. As we shall show later,
the class of non-interpolating solutions not only includes the irregular solutions but
also, in special cases, the regular solutions. It has also been realized [2] that while
considering the exchange of two identical particles in a plane, the overlapping point
r = 0 should be excluded from the configuration space. It is the winding around this
special point r = O that leads to fractional statistics. One may suspect, therefore,
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that while considering two bosons with the anyonic interaction in two dimensions,
the irregular but normalizable solutions may have some significance. In this paper,
however, we argue to the contrary on the basis that these solutions do not interpolate
continuously between the bose and fermi limits.

We show that even for the V-boson problem confined in a harmonic oscillator
potential and interacting via the statistical interaction, there exists a class of
normalizable irregular exact solutions. To this end, we shall follow the methods
used earlier to study the regular solutions of the N-anyon problem [4,5] . Unless
otherwise stated, we assume the states to be bosonic. The N-particle Hamiltonian is
conveniently written as (& = 1)

1 muw? o a o b oot Loy

U 2 2 _ = 4 - NLE LA
H = 2m Zp,-l— 2 Zr, m Z 2, +2m Z 7 p2 @
=1 i=1 i>i=1 12 i#j, k37 ik

f,‘j =(r; —"'j) x {p; —Pj)-

The relative angular momentum {;; may be regarded -as a scalar in two dimensions.
Hereafter we regard all distances as dimensionless measured in units of 1//muw.
Equivalently we set m = «w = 1. In the above the parameter o (0 € o < 1)
denotes the strength of the statistical interaction and o = 0 corresponds to the non-
interacting bosonic fimit. Note that the statistical interaction is indcpendent of the
centre of mass. Furthermore, the particles indices 7 and k£ can be equal in the last
term.

For analytic manipulations it is more convenient to use the complex coordinates,
z; = =z,; 4 iy,, for solving the eigenvalue equation, H+¥ = FEy. Note that v
is symmetric under the exchange of any two particles, and E includes the energy
of the centre of mass motion. It is of further advantage to make the following
transformation [4-10] ’

1
Y(z, %) = H [z 1 (2. 2;;) exp (-“ fﬁz [z )ﬁf’cM(R) @
t<7 <y
where
N
z; = 2=z R:Zr,-/\/ﬁ

and the overbars denote complex-conjugates. Substituting the expression for ¥ in the
eigenvalue equation, we obtain an eigenvalue equation in terms of n which is purely
a function of the relative coordinates. The new eigenvalue equation is then given by

Hn(z, %) = En(z;, ;) )

gYN -1 @)
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Here £, = E — Egy, with the centre of mass energy subtracted out. Since the
statistical interaction is independent of the centre of mass motion, it is convenient to
analyse the eigenvalues and solutions in terms of the relative motion alone. It should
be remembered that the centre of mass wavefunction ¢x, is always regular in two
space dimensions. The reduced Hamiltonian is given by

N . . 5.
H=1-28;0; + 2,0, + 7,8, —(0+5)Z—:’L
i<; i
8;; - 1
_ 9is 5
Hla=m i+ = | ©)
icj W izik U

Here we use the notation 9; = 8/8z,, 8;; = 9; — 9;. Note that with the choice
ot —F =0 8 =+a ©

the reduced Hamiltonian F contains no three-body term, and is linear in «. So long
as #n i non-singular, regular solutions result from the choice &« = 3 [4]. Here we

concentrate on the second possibility, & = — 3 in the above eguation, which may Jead
to irregular solutions when suitable conditions are imposed on the solution 7. With
the choice 3 = —«, H reduces to the form
~ - - = 5"]‘
A=|-200;+ 28+ 8, +2a)_ L |. (7)
..
iy “i

The lowest eigenvalue of equation (3), may be found by simply setting 7 to be a
constant independent of the z’s. Then H# = 0 identically. As a result £ = 0, and
it follows from equation (4) that

N(N-1)

E.=(N-1)-«a 3

(8)

The corresponding wavefunction with angular momentum L = 0 is given by

Y =[] |75 17° exp(—% Z | 7 |2)- 9

i< f

Obviously the energy of the lowest irregular solution decreases linearly with a,
in contrast to the regular ground state which has the energy eigenvalue E; =
(N—-1) 4+ aN(N —-1)/2. (The special case of N = 2, in the context of irregular
solutions, has also been examined recently [11).)

Even though the wavefunction i given by equation (%) is an exact N-body
solution for all o, the states themselves are not normalizable for all a. Imposing the
normalizability condition on ¥, given above, we have, by dimension counting

(2N —=3) —aN(N -1} > -1
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where the first factor is the dimension of the measure and the second factor arises
from |q|*. In terms of o we have

a <2/N. (10)

Obviously there is no continuous interpolation in energy from the ideal bose to the
ideal fermi limit of the spectrum since o < 1 (ideal fermi limit) for all N. It is in
this sense that we refer to this and similar states, as the non-interpolating states. The
known regular states have the property that they continuously interpolate between
the bose and fermi limits.

A tower of exact solutions with L = 0 may be constructed through the radial
excitations of this ground state. To this end we define a set of (N — 1) relative
(Jacobi) coordinates [4]

[\/m_z Py — ,/ =+1] i=1,...,N-1. (1)

We choose 7 of equation (3) to be a polynomial of the form

n N-1
() =) a,t t=)Y ok (12)
k=0 i=1

When 7 is a solution of the differential equation, the coefficients a, are determined
by the recursion relation and the normalization condition. The tower of eigenvalues
is then given by the expression

aN(A;_n_

The normalization condition, equation (10), remains unaltered since as t tends to
7ero, 7 tends to a constant.

The above discussion was intended to point out the existence of irregular solutions
whose ground state energy is lower than the regular ground state energy for all o as
given by equation (10). It is also important to point out that, by construction, these
irregular states exist only when « # 0. We now extend the method used above to
obtain non-interpolating solutions for L # 0. It is, however, not our intention here to
find the class of all non-interpolating solutions but merely to point out peculiarities
that may occur when L # 0. In fact, when L # O, it is possible to find regular
solutions which are of the non-interpolating type. Consider, for example, a class of
solutions of the form

Ea=2n+(N-1) - (13)

n

n=J](z;) 7 g(t) g(t) = Y gtk (14

i<j k=0

Since 7 is single-valued, I;; must be a integer, and furthermore l;; is an even integer
for symmetric states. A]ternatwely, by choosing [;; to be odd integers we could form
a fermionic set of states. The total angular momemum of the state L = ;. i bis is
also an integer . The eigenvalues are now given by

NN-1)

5 (13)

Eg=2n+L+(N-1)-



Solutions of the many-anyon problem 6167

The normalization condition on the relative wavefunction yields the condition

2N -1+ L)

a< = =D (16)
which should be satisfied by any admissible solution in the Hilbert space. Here L
can take positive or negative integer values such that 0 € o € 1. Using the above
condition we may now obtain a classification of various L # 0 states. Complete
interpolation would require the domain of « to include the point a = 1. This implies
L > (N -1)(N —2)/2, and solutions which satisfy this criterion are already known
in the literature [5,7]. The non-interpolating states have L € (N — 1)}(N -2)/2,
which, interestingly enough, have both regular and irregular solutions. These non-
interpolating solutions remain regular in the range

0<ag2L/N(N -1}
and irregular in the range

2ZLININ-1D) €ag2(N=-14+ L)/N(N-1).
For L £ 0 the solutions are necessarily irregular.

L Ot HL L e b e RS
Regular —— |
Irregular- - -

Energy {in units ha)

Fipure L Low lying regular and irregular solutions
as 3 function of «. The linear solutions are exact,
while the nonlinear interpolation was obtained
numerically. The irregular solutions do not exist
1 for o 2 2/3. Note that o = 0 is the bosonic end
a and o = | is the fermionic end of the spectrum,

To summarize, the normalizability conditions (10) and (16) imply that the irregular
solutions exist only in some limited range of « that shrinks as the number of particles
N increases. Consequently even for L = 0, there is no continuous interpolation
between the bose and fermi limits. A concrete example of such behaviour is shown
in figure 1 for three anyons confined in an oscillator potential. The numerical
calculations for the low-lying regular interpolating states are well known [12]. We also
show in the same figure the lowest L = 0 irregular state from the bosonic end that
exists only for & < 2/3. The physical requirement that states which exhibit fractional
statistics should interpolate continuously would exclude these partially interpolating,
irreguiar {and regular when |L] # 0) solutions. Though the eigenvaiuve does not
demand this criterion for solutions, this has to be imposed as an additional physical
requirement for non-zero <. It is therefore of utmost importance to be aware of
these solutions in numerical calculations of /N-anyon systems (either on a lattice or
in the presence of some confinement potential) which may yield lower energies, but
should be excluded by the physical criterion.
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